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Let G = G(p”) be a finite Chevalley group in the sense of [7] (thus G is 
some quotient of the corresponding universal Chevalley group by a central 
subgroup). Let {Xa}aeZ be a system of root subgroups for G and set 
U = (X, 1 01 > 0); the normalizer B of U is then a semidirect product 
H . U, H as in [7, p. 311. In this note, we prove the following uniqueness 
theorem for p-subgroups V of G normalized by H. As an immediate corollary, 
we deduce the conjugacy of Levi complements in parabolic subgroups when 
p” > 4. In case I/ < U” for some w in the Weyl group (which we do not 
assume) the result is due to Seitz [6; Lemma 31; see also [5; Exp. 131 for the 
algebraically closed case. 
THEOREM. Let V be a non-identity p-subgroup of G normalized by H. 
Assume p” > 4. Then V is a product of root subgroups. In particular, if V is 
minimal, then V = X, for some 0~. 
Proof. We show that if G is a Chevalley group (or a twisted group of 
Steinberg type) then HV is contained in a conjugate of B. The result then 
follows from Seitz’s result [6; Lemma 31. It follows from [2; Corollary 3.91 
that there is a parabolic subgroup P of G such that V < O,(P) and P 3 N(V). 
Then (B n P) O,(P) is a Bore1 subgroup of G containing HV (see the proof 
of [1 ; Proposition 4.4(b)]). Q.E.D. 
We remark that a (somewhat longer) proof of the theorem for V minimal 
may be given without appealing to [2] by applying induction to the centralizer 
of an element of C,(V). 
COROLLARY. Suppose PJ is a parabolic subgroup of G with unipotent 
radical U, = O,(P,), and let L, . U, be the Levi decomposition of PJ [3; p. 1181. 
Again assume p” > 4. Then any complement to U, in PJ is conjugate to L, by 
an element of U, . 
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Proof. Let L’ be a second complement, and H’ a p-complement in an 
S,-normalizer of L’. Clearly H’ is conjugate to H in PJ , hence we may 
assume H < L, n L’, and H normalizes an S,-subgroup of L’. The minimal 
elements in &(H; p) are also minimal in &(H;p), hence are root groups 
for G. Evidently the roots involved lie in ZJ n c hence L’ <L, . Q.E.D. 
Remarks. (a) In most cases, the corollary is a simple consequence of 
the fact that Z[L,) acts without fixed points on U, . However this does not 
always happen. For example, if G = SL(7, 8), and ,YJ is of type A,, then 
LJ N GL(6, 8) N 2, x SL(6, 8), and Z(L,) acts trivially on U, . 
(b) The corollary fails for Q < 4. Consider A,(4), B,(3) and B,(2). 
For the first group we have a parabolic subgroup P whose Levi complement L 
is the direct product of the center of G and A,(4); also O,(P) is the standard 
module for the latter, and it is known that H1(A,(4), O,(P)) # 0 (see for 
example [4]). It follows that there is more than one class of complements to 
O,(P) in P. For the last two groups we have a parabolic subgroup P with 
a Levi complement L such that there is a homomorphism $ of L onto the 
additive group kf of the ground field, and such that O,(P) contains a copy 
of k+ which is in the center of P. Now {x4(~) 1 x EL} is a complement to 
O,(P) which is not conjugate to L in P, since O,(P)/+(L) contains no non- 
identity element centralized by L. 
(c) Our next example shows the theorem fails if 4 < 4. Let G = G,(q). 
Let 01,p be fundamental roots in 2 with 201 + 3/? E Z. If  Q = 4,01 and 2a: + 3fl 
are Galois conjugate [4; Section 31. If  4 = 3, /3 and 2or + 3/3 coincide on H. 
In each case, H acts homogeneously on the elementary group of order q2 
generated by the pair of roots in question. If  4 = 2 there is no uniqueness. 
(d) In conclusion we mention a further property of tori and parabolic 
subgroups which can be obtained from the proof of the theorem. Suppose 
G is a semisimple algebraic group defined and split over a finite field k, 
] k 1 > 4, and T is a maximal k-split torus of G whose rational points Tk 
are contained in a given k-parabolic subgroup P of G. Then T < P. The 
proof is that Tk is contained in the Bore1 subgroup fi = (B n P) R,(P), 
hence in a maximal k-split torus T of 8, and now T = T < P since 1 k 1 > 4 
(see for example [7; p. 361). 
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